In this paper, a procedure is presented to determine the unbalance distribution in a multi
In the chemical process and related industries, many steam or gas turbines and multi-stage centrifugal compressors have normal operating speeds between their first and second rotor critical speeds. It is a wise procedure to minimize the shaft vibratory response, measured at the bearings, while traversing through the first critical. This practice should guarantee low vibrations levels in the operating speed range and the avoidance of internal seal rubs. If an influence coefficient balancing method is employed to reduce these vibrations, an initial trial weight must be placed on the rotor. The magnitude and location of this weight is so critical that it will in some cases decide the success or failure of the balance attempt. The analysis and application of a balancing technique is presented here, which predicts a proper trial weight and that should reduce the critical speed vibration amplitudes considerably.
Similar previous work was done by the authors Bishop, Parkinson, Jackson and Lindley (1, 2, 3, 4, 5) , and by Kellenberger (6), Lindsey (7) , and LeGrow (8) . Though this literature is closely related, the technique presented in this paper eliminates the prior assumption of coincidence between the unbalance response peak and the critical speed. This provides a more accurate estimate of the effective modal unbalance and modal damping factor.
The method assumes the predominance of a specific mode in the vicinity of its associated frequency range. This assumption isolates the mode and provides a basis for analytically relating the response measurements to the unknown mass unbalances along the rotor. The analysis requires knowledge of the shaft mode shape of interest and the associated modal mass. These quantities may be estimated from a critical speed computer program model.
The actual vibration measurements utilized should be of shaft absolute motion, i.e. relative to space. This would typically be attained with the instantaneous electronic addition of shaft relative to bearing housing and bearing housing relative to space transducer signals. Due to high casing to shaft weight ratios, many machines exhibit very low casing vibration response levels compared to shaft response levels. In these instances, shaft motion relative to the bearing housing will closely approximate shaft absolute motion (9) .
Measurements must be conditioned to represent only the portion of the response attributable to unbalance. This is accomplished by directing the transducer signals through a digital vector or tracking filter. This instrument narrow bandpass filters the raw data, with center frequency at the shaft rotational speed. This final conditioned "synchronous" signal is depicted in Figure 1 along with the response phase angle convention used in the analysis. 
II. ROTOR DYNAMICAL EQUATIONS OF MOTION
The generalized equations of motion for a rotor bearing system may be expressed in the matrix form as follows (see Appendix A)
The generalized displacement vector {q} is composed of both displacements and rotations in the XZ and YZ planes respectively. The mass matrix [M] contains both the mass terms and the transverse moments of inertia for the N stations considered. For a general multi-stage turborotor, the number of degrees of freedom in the system can be quite large. The order of the system, however may be considerably reduced by expressing the displacement field (q] in terms of a finite number of planar mode shapes corresponding to the undamped system such that {q] = y1)ii1} + y 2 {e4i 2 } + y 3 fkU 3 ) . . . (2.2) For the case of a turborotor which has two resonance frequencies in the operating range, the use of the first four modes in the modal expansion is usually sufficient.
Upon application of orthogonality, the modal equations of motion are of the form n y+ 2 2 w y+ w2 y= w2 E e iwt (2.3) r rs s s r r r s=1 Appendix A shows that, in general, the use of the undamped planar modes will not completely uncouple the modal equations of motion. The effect of the modal cross coupling damping coefficients , is to couple the planar modes of motion in a system with discrete bearing damping locations to form a complex rotor mode shape that is skewed or nonplanar. This space skew effect is more pronounced near the bearings.
The motion of a turborotor operating through two critical speeds may be represented approximately in terms of its first three planar modes as follows In the above equation the rotor modal mass may be calculated, along with the rotor mode shapes, from a standard critical speed code. The modal mass is given by
The rotor modal mass for the first mode for a multistage compressor normally lies between 55 to 65% of the total rotor mass. The problem of modal balancing of a system that behaves in a fashion similar to Equation (2.5) reduces to the determination of the complex modal eccentricity value E 1 . The modal unbalance U 1 is given be
More than one balancing plane may be used to achieve the required modal balancing value U 1 . In the case of three balancing planes the modal unbalance value 01 is equivalent to
In order to accurately determine the modal unbalance eccentricity E without the use of trial weights, we must be able to determine from an examination of the experimental data, the principal modal damping coefficient There are several ways to achieve this. One may use the half power point procedure in which the rotor speeds are determined corresponding to the speeds where the amplitude of motion is equal to 1/ 2 times the resonance frequency amplitude. The damping in the system is then given by
The amplification factor at the undamped critical speed is given by A = 1 (2.10)
At this frequency, the modal eccentricity vector E. is leading the modal coordinate y. by 90°. By properly identifying the speed and phase angle at which the 90 0 shift occurs, the location of the plane for modal balancing may be determined. It should be noted that the maximum amplitude of motion does not occur at the undamped critical speed. The maximum amplitude occurs at a speed of
The amplification factors A at the maximum response speed is given by 11
The relative displacement eccentricity phase angle at this speed is always larger than 90 0 . The problem then of modal balancing without resorting to the application of an initial trial weight, then becomes a problem in accurately determining the damping ratio , for the mode and the speed at which the 90°m odal eccentricity phase shift occurs. These two values may be determined by means of a modified Nyquist or polar plotting procedure as described in the following sections. Figure 2 represents the amplitude and phase angle motion of an experimental 3 mass rotor system with the measurement point near the center span. not occur at the undamped critical speed but at the slightly higher speed of 2526 RPM. At this speed, the phase angle lag is 97.5 0 . Figure 2 shows the corresponding rotor amplitude and phase plotted. If one were to assume that the mass center (or modal mass center E in this case) is leading the maximum response amplit ude by 90 0 , then there would be an error of 7.5% on the angular estimation of the unbalance location. The speed at which the 90 0 phase shift occurs can be determined by means of a modified Nyquist or polar plot. III. MODIFIED NYQUIST PLOT Equation (2.5) shows that the complex rotor amplitude {q} at the jth location is a function of the modal unbalance eccentricity E., the modal displacement .. corresponding to the jth location, and a complex amplification factor A.. Where
When f = 1, the frequency ratio corresponds to the undamped critical speed. The amplification factor at the undamped critical speed is 
It follows:
This is the locus of a circle in the complex plane with: and changes its diameter to
The analytical expression for the quantity to be measured is obtained from equation The expression for the circle diameter in Figure 4 is now
From the preceding discussion, the critical speed occurs at one diameter from the origin in equation (3.6). Therefore, the diameter may also be expressed q. Requiring that the final modal unbalance becomes zero produces the correction weight equation
IV. APPLICATION ON INDUSTRIAL STEAM TURBINE
The use of the preceding theory is illustrated with the vibration response of a steam turbine driver in a hydrogen compression train. In this case, it was requested by plant personnel to estimate the amount of unbalance in the turbine rotor. Figure 5 is an unbalance response plot of synchronous response amplitude and phase angle made during the train startup. The transducer used was a shaft relative displacement-proximity probe, permanently installed in the turbine inlet end bearing housing. This data has been electronically compensated for false slow roll data, induced by shaft surface imperfections and magnetic inhomogeniety. Note that the amplitude scale is labeled in units of mils peak to peak divided by 2, since the readout of the instrument used for the measurement is in mils peak to peak. Additionally, the phase angle scale is in negative degrees since the measurement instrument readout is 360 0 minus 4 j (see Figure 1 ). Table 2 lists the data from Figure 5 required in using the theoretical development. This table is divided into three columns: rotor speeds, transducer synchronous response reading, and the same reading divided by the rotor speed. The second column quantities correspond with equations (3.10) and (3.11), while the third column corresponds to equation (3.6) and the polar plot in Figure 6 . Figure 6 is a polar plot of the numbers in column 3. Figure 4 identifies the critical speed to be 4200 RPM. This speed does 6 not correspond to the peak response speed (4800 RPM) shown in Figure 5 . The graphical isolation of the critical speed from the unbalance response peak provides for a more accurate evaluation of Eq. (3.14). Also, comparing Figures 4 and 6 identifies the modal unbalance angle to be ^u = 252°, since 1p 1 > 0 as shown in Figure 7 . Table 2 Turbine Response Data from Fig. 5 The mode shape shown in Figure 7 was generated from a 10 mass station computer model of the turbine rotor. This same model calculates the first modal weight to be 455 lbs. The magnitude of the first modal unbalance may now be calculated from equation Since this is a rather large balance correction weight for this size of rotor, a safety reduction factor of between 2 and 3 should be applied to its magnitude before actual attachment. The reason for this high magnitude can easily be seen from the response curves shown in Figure 5 . Unsually high damping is present in this rotor-bearing system as is implicated by the broad amplitude response and small phase angle slope. Actual attachment of the correction weight is illustrated in Figure 8 . 
Comparison of this figures with

V. BALANCING OF HIGHER MODES AND THEORETICAL LIMITATIONS
Examining the equations of the theoretical analysis section reveals that the same procedure may be followed in calculating higher order modal unbalances. This is most easily seen by simply changing subscripts in (3.1).
UcI ''l,bl + U c2 41 ,b2 = - 412,b2 second mode shape components at the two balance planes U 1 , U 2 first and second modal unbalances calculated as described in section 3
Equations 5.1 and 5.2 may then be solved for the correction weights and these attached to the shaft as shown in Figure 9 . To effectively balance several modes, the corresponding modal unbalances must be simultaneously nulled. This requires that the number of balance planes used must equal the number of modes considered. This condition leads to the development of a system of simultaneous equations to be solved for the correction weights. These are derived in the same manner as Equation (3.15) .
Considering the 2 mode case, the requirements for nulling the first two modal unbalances are expressed as:
The mathematical representation of a rotor bearing system presented has some limitations. These arise mainly from the assumptions of symmetry and proportional damping used in the analysis. Hence, the methods presented may be more effective in certain classes of machinery than in others. Those most likely to exhibit response characteristics in agreement with the theory will have rotors supported in anti-friction or tilting pad journal bearings. These elements are generally known to possess very small asymmetric cross-coupling forces. The machines which may respond in a fashion differing from the theory are those (1) with rotors supported in sleeve-type journal bearings (Reference 10), (2) with overhung wheels producing gyroscopic forces (Reference 11), (3) and rotors with considerable seal related dynamic forces (Reference 12). These configurations are known to produce asymmetric cross coupling forces between the shaft's two geometric radial planes.
CONCLUSIONS
A technique has been theoretically and experimentally developed to approximate the effective unbalances in a rotor. This has generally been accomplished by analytically developing the relationship between the rotor's unbalance response and its inherent unbalance distribution. The graphical procedure developed to separate the critical speed from the unbalance response peak provides for a more accurate evaluation of the effective unbalance. This method can be used in conjunction with influence coefficient balancing to judiciously choose proper trial weights.
A practical application was presented on the steam turbine driver of a hydrogen gas compression train. This example illustrates the experimental data and procedure required to implement the balancing technique. Finally, the method is shown to be applicable to higher mode balancing.
There are several limitations to this procedure that should be noted. The rotor must be capable of operating through the critical speed region, and also the rotor system should be lightly damped. In the case of heavily damped rotors, an additional correction factor must be incorporated which relates the difference in phase angle observed at the probe position as compared to the rotor phase angle at the center span. The quantites m and k are referred to as the modal mass and modaf stiffness of the system, respectively. Note that by premultiplying equation A.2 by {t^ } and using (A.3) and (A.4) shows r k 2 = r w (A.5) r m r the modal equations of motion. This is because the damping matrix is, in general, not proportional to either the mass or the stiffness matrix.
Consider as an example a multistage compressor with the following characteristics and modal displacement coordinate at the bearings.
The response vector {q} of the system may be expressed in terms of the sum of the generalized modal coordinates y and mode shapes r as follows In most structural vibration problems, where the modal damping is only several percent of critical damping, the damping matrix is assumed to be a "proportional" damping matrix. Reference 14 demonstrates that the general form of the damping matrix required to satisfy this property is For the case of a multi-mass flexible rotor in fluid film bearings, the damping on the shaft is acting at discrete locations. Under these circumstances, the use of the planar modes as a set of orthogonal functions, will not completely uncouple Table A .1 shows that for the particular case of a symmetric turborotor, the first and second modes are uncoupled because the cross-coupled modal damping coefficient between the first and second modes is zero. However, such is not the case with the third mode. Note that there is a sizable third mode cross coupling coefficient C 13 associated'with the first planar modal equation which must be taken into consideration. The implication of this higher modal coupling through the damping matrix is that the motion of the rotor cannot be expressed as a planar function of only the first mode shape. The discrete damping at the bearing causes the mode shape to warp out of the plane of the undamped mode. This warping effect is more pronounced as one observes the motion closer to the bearing and must be accounted for when performing modal balancing by means of proximity probe measurements near the bearing.
Assume that the forcing function {F(t)} acting on the rotor system is caused by an arbitrary distribution of unbalance {U} along the shaft. The synchronous forcing function may be expressed in The modal steady state equation of motion may be put in dimensionless form by dividing by the w 2 as follows r
(1 -f 2 + i2 f )y + i2 f , y = f 2 E (A.15) r rr r r r rs s r r The natural frequencies and modal damping coefficients for a typical multi-stage compressor with two damped resonance frequencies in the operating range, are given in Table A .2. The value of A represents the amplification factor at the und ramped critical speed and the value of A represents the maximum modal amplification factor. Note that, although the second critical speed is within the compressor operating speed range, it is critically damped (A = 1). The first mode will have a substantial ampYification factor at the first critical speed. Table A.2 also shows that the modal cross coupling coefficient t I is over 4 times larger than the principal firs modal damping coefficient and hence cannot be arbitrarily dropped from the analysis.
Assume that the turborotor is operating near the first critical speed such that f = 1, f = 0.46 and f 3 = 0.21. The governing equat ions for the magnitude of the modal coordinates y is given by A.15 and reduces to r The simultaneous solution of the above complex algebraic equations yields the values of the modal coefficients in terms of the modal unbalance eccentricities E 1 , E 3 . However, when operating near the first critical speed only about 4% of the third modal unbalance eccentricity E is excited. One could then approximate the modal coefficient 1 3 by I = -i 2 X 31 f 3 yl . -i2 31 f 3 y 1 (A.17) (1 f3 + 2 i X 33 f 3 )
The total rotor motion is given by {q} = X 1 €ill + 12 Ito2 1 + X 3 {lp 3 } (A.18)
Ignoring the contribution of the second mode for the time being, the rotor motion operating near the first critical speed is given by {q} = y 1 1 {4s -2 i 431 f 3 {413 11 (A. 19) This shows that the displacement of the rotor near the first critical speed is composed of the first planar mode {tp1 } with the addition of approximately 5% of the third mode which lags about 90 0 behind. This addition of the third mode component with a phase lag is what accounts for the skewed shape of the space curve of the rotor centerline. Thus we see that the rotor is not perfectly planar due to the action of bearing damping at the ends of the shaft. This skewed effect becomes more pronounced as we measure the rotor motion closer to the bearing ends. If the monitoring probes are placed at least one-quarter span inboard from the bearing locations, then shaft skew due to the third mode excitation does not have to be taken into consideration in the balancing procedure.
Note also if Equation (A.17) is substituted into Equation (A.16) then we obtain (1.03 -fl + i 2 X11 f l ) y l = f 2 E 1 (A.20)
This equation implies that the first natural frequency appears to increase by 1.5% due to the influence of the third mode.
In the particular example cited, it was seen that the second mode was critically damped. In practice it has been found that for the normal turborotor design with the impeller discs located between the bearings, the second critical speed amplification factor is normally much lower than the first critical speed amplification factor. Therefore if displacement measurements are taken reasonably close to the rotor center span, the first modal equation of motion is a reasonable approximation of the shaft behavior. The small contribution due to the second mode is minimized since the shaft center span is a node point.
Neglecting modal coordinate cross coupling, the rotor response vector is given by n rT {q} = e iwtw2 {fi}{U} €,r} 
